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Abstract

In this paper we prove modular relations between H(q) and H(qn) where n = 3, 5
using some modular relations established by S. S. Huang for Göllnitz-Gordon func-
tions.

1. Introduction

Throughout the paper, we let |q| < 1 and for positive integer n, we use the standard

notation

(a; q)n =
n−1∏
j=0

(1− aqj),

−−−−−−−−−−−−−−−−−−−−−−−−−−−−
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and

(a; q)∞ =

∞∏
n=0

(1− aqn),

(a; q)0 = 1.

On page 229 of his second notebook [7], Ramanujan recorded the continued fraction

H(q) = q1/2
(q; q8)∞(q7; q8)∞
(q3, q8)∞(q5, q8)∞

=
q1/2

1 + q+

q2

1 + q3+

a4

1 + q5+...
.

Without the knowledge of Ramanujan’s work, Göllnitz [4], Gordon [5], rediscovered and

proved the above independently and there by H(q) is called Ramanujan-Göllnitz-Gordon

continued fraction. Andrews [1], proved the above as a corollary to more general results.

In his lost notebook [7], Ramanujan offered an alternative representation of H(q) by

H(q) = q1/2
(q; q8)∞(q7; q8)∞
(q3; q8)∞(q5; q8)∞

=
q1/2

1+

q + q2

1+

q4

1+

q3 + q6

1+

q8

1+...
.

The above representation of H(q) was first proved by A. Selberg [9], the other proof

of above equation have also been given by Andrew [1] and K. G. Ramanathan [8],

Ramanujan [7] offered two identities for H(q) namely,

1

H(q)
−H(q) =

f6
4

q1/2f2
2 f

4
8

,

and
1

H(q)
+ H(q) =

f5
2

f2
1 f4f

2
8

where fn 6= (qn, qn)∞. H. H. Chan and S. S. Huang [3], have established the relations

between H(q) and four continued fraction H(−q), H(q2), H(q3) and H(q4) by employing

Ramanujan’s theta function found in Chapter 16 [2] is for example the relation between

H(q) and H(q2) is

H2(q) = H(q2)

[
1−H(q2)

1 + H(q2)

]
.

Motivated by this K. R. Vasuki and B. R. Srivatsakumar [10], established three new

identities providing the relations between Ramanujan-Göllnitz-Gordon continued frac-

tion H(q) and the three continued fraction H(q5), H(q7) and H(q11).
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Two identities analogous to the Rogers-Ramanaujan identities are the so-called

Göllnitz- Gordon identities [4], [5], given by

S(q) =
∞∑
n=0

(−q; q2)n
(q2; q2)n

qn
2

=
1

(q; q8)∞(q4; q8)∞(q7; q8)∞
, (1.1)

and

T (q) =

∞∑
n=0

(−q; q2)n
(q2; q2)n

qn
2+2n =

1

(q3, q8)∞(q4; q8)∞(q5; q8)∞
.

In [6], S. S. Huang established result modular relations between S(q) and T (q). For

example

S(q3)S(q) + q2T (q3)T (q) :=
f3f4
f1f12

, (1.2)

S(q3)T (q)− qS(q)T (q3) :=
f1f12
f3f4

, (1.3)

S(q5)S(q) + q3T (q5)T (q) :=
f2f10
f1f20

, (1.4)

S(q5)T (q)− q2S(q)T (q5) :=
f2f10
f1f20

. (1.5)

In this article, we prove modular relation between H(q) and H(qn) where n := 3, 5 by

making use of the above Huang identities for S(q) and T (q). We also employing the

following in our proof

[H−1(q1/2)−H(q1/2)]4 − 16 =
f8(−q)

qf8(−q4)
. (1.6)

For a proof, see [12].

2. Proof of Theorem 1 and 2

Theorem 2.1 : If x := H(q) and y := H(q3), then

x4y3 − 3x3y2 + x3 − 3x2y3 + 3x2y − xy4 + 3xy2 − y = 0. (2.1)

Proof : By definition of x and y, we have x = q1/2 T (q)S(q) and y = q3/2 T (q
3)

S(q3)
.

From (1.2) and (1.3), it follows that

1 + xy

x− y
=

1

q1/2

(
f4
f1

)2( f3
f12

)2

. (2.2)
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Raising the power to four on both sides, we obtain(
1 + xy

x− y

)4

=
1

q4

(
f4
f1

)8( f3
f12

)8

. (2.3)

Using (1.6) in the above and then simplifying, we obtain(
1 + xy

x− y

)4

=
(H−2(q3/2) + H2(q3/2)− 2)2 − 16

(H−2(q
1
2 )H2(q1/2)− 2)2 − 16

. (2.4)

Using (1.1) in the above twice, we obtain

(
1 + xy

x− y

)4

−

(
1+y
y−y2 + y−y2

1+y − 2
)2
− 16(

1+x
x−x2 + x−x2

1+x − 2
)2
− 16

= 0. (2.5)

Factorizing the above equation using maple, we find that

A(x, y)B(x, y) = 0,

where

A(x, y) = x4y3 − 3x3y2 + x3 − 3x2y3 + 3x2y − xy4 + 3xy2 − y,

and

B(x, y) = x8y7 − 2x8y5 + 7x7y6 − 9x6y7 + x5y8 + x8y3 − 15x7y4 + 41x6y5 − 55x5y6 + 15x4y7

−2x3y8 + 9x7y2 − 55x6y3 + 125x5y4 − 125x4y5 + 41x3y6 − 7x2y7 + xy8

−x7 + 7x6y − 41x5y2 + 125x4y3 − 125x3y4 − 55x2y5 − 9xy6 + 2x5 − 15x4y

+55x3y2 − 41x2y3 + 15xy4 − y5 − x3 + 9x2y − 7xy2 + 2y2 − y.

At q = e−π/
√
6, from [11] we have

x =

√√√√ 4
√

2−
√√

6 +
√

3−
√

2− 2
4
√

2 +
√√

6 +
√

3−
√

2− 2
,

and

y =

√√√√ 4
√

2−
√

2 +
√

2−
√

3 +
√

6
4
√

2 +
√

2−
√

2−
√

3 +
√

6
.

Using these in A(x, y) and B(x, y), we find that A(x, y) = 0 where B(x, y) 6= 0. Thus

by identity theorem, we have A(x, y) = 0. This completes the proof.
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Theorem 2.2 : If x := H(q) and y := H(q5), then

x5−y+5x2y−10x2y3−10x3y4+10x3y2−5x4y5+10x4y3+x6y5−5x5y2+5xy4−xy6 = 0.

(2.6)

Proof : By definition of x and y, we have x = q1/2 T (q)S(q) and y = q5/2 T (q
5)

S(q5)
.

From (1.4) and (1.5), it follows that

1 + xy

x− y
=

1

q1/2

(
f4
f1

)(
f3
f12

)
. (2.7)

Raising the power to eight on both sides, we obtain(
1 + xy

x− y

)8

=
1

q4

(
f4
f1

)8( f3
f12

)8

. (2.8)

Using (1.6) in the above and then simplifying, we obtain,(
1 + xy

x− y

)
=

(H−2(q5/2) + H2(q5/2)− 2)2 − 16

(H−2(q1/2) + H2(q1/2)− 2)2 − 16
. (2.9)

Using (1.1) in the above twice, we obtain

(
1 + xy

x− y

)
−

(
1+y
y−y2 + y−y2

1+y − 2
)2
− 16(

1+x
x−x2 + x−x2

1+x − 2
)
− 16

= 0. (2.10)

Factorizing the above equation using maple, we find that

A(x, y)B(x, y) = 0,

where

A(x, y) = x5 − y + 5x2y − 10x2y3 − 10x3y4 + 10x3y2 − 5x4y5 + 10x4y3

+x6y5 − 5x5y2 + 5xy4 − xy6.

B(x, y) = x10y9 − 2x10y7 + 8x9y8 − 7x8y9 + x10y5 − 11x9y6 + 32x8y7 − 46x7y8 + 3x6y9

+x5y10 − 3x9y4 − 3x8x5 + 48x7y6 − 92x6y7 − 3x5y8 + 11x4y9 − 2x3y10

+7x9y2 − 46x8y3 + 92x7y4 − 28x6y5 − 28x5y6 − 48x4y7 + 32x3y8 − 8x2y9 + xy10

−9x + 8x8y − 32x7y2 + 48x6y3 + 28x5y4 + 28x4y5 − 92x3y6 + 46x2y7 − 7xy8

+2xy8 + 2x7 − 11x6y + 3x5y2 + 92x4y3 − 48x3y4 + 3x2y5 + 3xy6 − x5 − 3x4y

+46x3y2 − 32x2y3 + 11xy4 − y5 + 7x2y − 8xy2 + 2y3 − y.
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At q − e−π/2
√
5, from [11] we have

x =

√√√
b + 1− 4

√
b,

and

y =

√√
a + 1− 4

√
a,

where

a = 18 + 8
√

5 + 8

√
2 +
√

5 + 4

√
5 + 2

√
5,

and

b = 18 = 8
√

5− 8

√
2 +
√

5− 4

√
5 + 2

√
5.

Using this in A(x, y) and B(x, y), we find that A(x, y) = 0 where B(x, y) 6= 0. Thus by

identity theorem, we have A(x, y) = 0. This completes the proof.
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